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Clairaut slant submersion from
almost Hermitian manifolds

SusHIL KUMAR, RAJENDRA PRASAD, PUNIT KUMAR SINGH

ABSTRACT. Our main aim is to introduce Clairaut slant submersions
in complex geometry. We give the notion of Clairaut slant submersions
from almost Hermitian manifolds onto Riemannian manifold in this ar-
ticle. We obtain some basic results on discussed submersions. Further-
more, we provide some examples to explore the geometry of Clairaut
slant submersions.

1. INTRODUCTION

Let M be a Riemannian manifold endowed with a Riemannian metric
g. An almost Hermitian manifold is a subclass of almost complex mani-
fold. Since the Riemannian submersions have many applications in science
and technology, especially in the theory of relativity and cosmology, many
researchers are attracted to this area.

In 1966 the theory of Riemannian submersion was initiated by O’ Neill
[15] and it has been further studied by Gray [8], in 1967. Later, Watson [30]
defined almost Hermition submersions and showed that horizontal and verti-
cal distributions are invariant with respect to the almost complex structure.
The Riemannian submersions play a vital role not only in the differential
geometry but also in science and technology. It is noticed that the theory
of Riemannian submersions are capable of handling many issues of the sin-
gularity theory, Yang-Mills theory, quantum theory, Kaluza-Klein theory,
relativity, superstring theories, etc. (see, [2,6,9]). For more details, we cite
the books (|7,23]) and the references therein. The Riemannian submersions
motivate the researchers to define the anti-invariant submersion [24], semi-
invariant submersion [26], invariant submersions 23|, slant submersions [25],
semi-slant submersions [16], conformal anti-invariant submersions ([11,17]),
conformal semi-slant submersions [20], quasi-bi-slant submersions [18], (for
further details, see [10,19,21,22]), etc.
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86 CLAIRAUT SLANT SUBMERSION

In 1972 Bishop [4] introduced and studied a new and interesting class
of Riemannian submersion as: if there is a function » : M — R™ such
that for every geodesic, making an angle 6§ with the horizontal subspaces,
rsinf is constant, then submersion 7 : M — N is said to be a Clairaut
submersion. Afterwards, this notion has been widely studied in Lorentzian
spaces [1], timelike and spacelike spaces [14], static spacetimes (]|28,29]). In
1991 Aso et al. [3]| generalized Clairaut submersions and the new conditions
for anti-invariant Riemannian submersions to be Clairaut were described in
[14]. In 2017 Sahin introduced Clairaut Riemannian map [27| and studied
its geometric properties and S. Kumar et al. [13] studied pointwise slant sub-
mersions from Kenmotsu manifolds. Recently, Yadav and Meena [31]| have
defined Clairaut anti-invariant Riemannian maps from Kahler manifolds and
Kumar et al. studied Clairaut semi-invariant Riemannian maps in [12].

The above studies inspire us to introduce the notion of Clairaut slant
submersions from Hermitian manifolds onto Riemannian manifolds. We ex-
hibit our work as follows: section 2, contains some basic concepts which are
needed further in the paper. In section 3, we define the Clairaut slant sub-
mersions from Kéahler manifolds onto Riemannian manifolds and discuss the
differential geometric properties of such submersions. Curvature Relations
of Clairaut slant submersions are discussed in section 4 and the last section
contains some explicit examples of discussed submersions.

2. PRELIMINARIES

Let J be a (1, 1) tensor field on an even-dimensional differentiable mani-
fold Ny and [ is identity operator in such a manner that
(1) J?=—I

Then J is called an almost complex structure on Ni. The manifold Ny
with an almost complex structure J is called an almost complex manifold.
Nijenhuis tensor IV of an almost complex structure is defined as:

(2) NV, Wh) = [JVi, JWA] = [Vi, Wh] = J[JV1, Wh] — J[V1, JW],

for all Vi, W € T'(T'Ny).

The almost complex manifold Ny is called a complex manifold, if N van-
ishes on an almost complex manifold Nj.

Let g1 be a Riemannian metric on Ny, then g; is called a Hermitian metric
on Ny if
(3) gl(le,le) :gl(Zl,Wl), for all Z1, W1 GF(TNl).

Now, manifold N; with Hermitian metric g; is called an almost Hermitian
manifold. The Riemannian connection V of the Ny can be extended to the
whole tensor algebra on Nj. Tensor fields (Vy, J) is defined as

(4) (Vyv,J)Z1 = Vv, JZy — JVy, Z1,
for all V1,2, € T(T'Ny).
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An almost Hermitian manifold (N1, g1, J) is called a Kéhler manifold [5]
if
(5) (Vy,J)Z1 =0,

for all V1,2, € I'(T' Ny).
For a Kéhler manifold (Ny, g1,J) we have

(6) R(X1, Xo, X3, X4) = R(JX1, J X2, J X3, JX4),

(7) R(X1, X3, X3, X4) = R(X1, Xa, JX3, JX4),

(8) R(X1, Xa, JX3,X4) = —R(X1, X2, X3, JX4),

(9) R(JX1, Xa, J X3, X4) = R(X1, J X3, X3, JX4),

o) R(X1, X2, X3, X4) = R(JX1,J X2, X3, X4) + R(JX1, X2, J X35, X4)

+ R(J X1, X2, X3, JX4)

for all Xl,XQ,Xg,X4 € F(TNl), where R(Xl,XQ)Xg = VX1VX2X3 -
Vx,Vx, X3 — V[Xl, X2]X3 denotes the Riemannian curvature tensor filed
of Nl.

Define O’Neill’s tensors [15] T and A by

(11) Ag, By = HVyp, VEs + VVyp HE,

(12) TEl Ey = HVVEl VE; + VVVEIHEQ,

for any vector fields E1, E5 on N7, where V is the Levi-Civita connection of

g1. It is easy to see that Tg, and Apg, are skew-symmetric operators on the

tangent bundle of N7 reversing the vertical and the horizontal distributions.
From equations (11) and (12), we have

(13) VUi =Tz Ul +VV 7 U,

(14) VWi =Tz, Wi+ HV 7, W7,
(15) Vw, Z1 = Aw, Z1 + VVw, 21,
(16) Vi W1 = HVy W + Ay, Wi,

for all Z1,U; € T'(kerf.) and Vi, Wi € T(ker f )+, where HVz W; =
Aw, Zy, if Wy is basic. It is clear that 7 performs on the fibers as the
second fundamental form, while A performs on the horizontal distribution
and measures the obstruction to the integrability of this distribution.

A differentiable map F between two Riemannian manifolds is totally ge-
odesic if

(VF*)(Zl, Zg) =0, for all Z1,29 € F(TNl)

A totally geodesic map is the one which maps every geodesic in the to-
tal space into a geodesic in the base space in proportion to arc lengths.
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A Riemannian submersion is called a Riemannian submersion with totally
umbilical fibers if [26]

(17) Tx, Y1 =91(X1,Y1)H,

for all X1,Y; € I'(ker F ), where H is the mean curvature vector field of
fibers.

Let F : (N1,91) — (N2,92) is a smooth map. Then F, of F can be
observed as a section of the bundle Hom(T Ny, I *1TN2) — Nj, where
F ~'TNs is the bundle which has fibers (f ~'TNs), = Ty ()N2 has a con-
nection V induced from the Riemannian connection V" and the pullback
connection. Then the second fundamental form of F is given by

(18) (VF)(Z1, Vi) = Vi Fu(Vi) = Fo(VEIVA),

for vector field Z1,V; € T'(TNy), where V! is the pullback connection. We
know that the second fundamental form is symmetric.
Now, we recall following definitions for further use:

Definition 1 ([23]|). Let F be a Riemannian submersion from an almost
Hermitian manifold (Ny, g1, J) onto a Riemannian manifold (N2, g2). Then,
we say that F is an invariant submersion if the vertical distribution is in-
variant with respect to the complex structure J, i.e.,

J(ker F ) = ker F .

Definition 2 ([24]). Let N; be an almost Hermitian manifold with Her-
mitian metric g; and almost complex structure J and Ny be a Riemannian
manifold with Riemannian metric go. Suppose that there exists a submer-
sion f : (N1,91,J) — (N2, g2) such that J(ker f ,) C (ker f ). Then we
say that F is an anti-invariant submersion.

Definition 3 (|25]). Let F be a Riemannian map from an almost Hermitian
manifold (N1, ¢1,J) to a Riemannian manifold (N2, g2). If for any non-zero
vector Z € (ker [ 4), the angle ©(Z) between JZ and the space (ker [ )
is a constant, i.e., it is independent of the choice of the point p € N; and
choice of the tangent vector Z in (ker f ), then we say that F is a slant
submersion. In this case, the angle © is called the slant angle of the slant
submersion.

3. CLAIRAUT SLANT SUBMERSIONS

Bishop [4] gave the notion of Clairaut Riemannian submersion. He defined
that a Riemannian submersion f : (Ny,g1) — (N2, g2) is called a Clairaut
Riemannian submersion if there exists a positive function 7 on N1, such that
for any geodesic @ on Ny, the function (ro«)sin # is constant, where for any
t, O(t) is the angle between «(t) and the horizontal space at «(t).

The necessary and sufficient condition for a Riemannian submersion to
be a Clairaut Riemannian submersion was also given by Bishop as follows.
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Theorem 1 ([4]). Let F : (N1,91) — (N2,92) be a submersion with con-
nected fibers. Then, I is a Clairaut submersion with v = e if each fiber
1s totally umbilical and has the mean curvature vector field H = —Vh with
respect to g1.

Now, we present the notion of Clairaut slant submersion as follows.

Definition 4. Let (N1, g1, J) be a Kéhler manifold and (N, g2) be a Rie-
mannian manifold. Any slant submersion from (Ny,g1,J) onto (N2, go) is
called Clairaut slant submersion if it satisfies the condition of Clairaut sub-
mersion.

We denote the complementary distribution to w(ker f ) in (ker F ,)* by
p. Then for X € (ker F ), we get

(19) JX1 = ¢ X1 +wX,

where ¢ X7 and wX; are vertical and horizontal parts of JX7. Also for X5 €
['(ker f )+, we have

(20) JXy = BXy + CXo,

where BXs and C' X5 are vertical and horizontal components of JX5.
The proof of the following result is the same as given in [25], therefore,
we omit its proof.

Lemma 1. Let F be a slant submersion from an almost Hermitian manifold
(N1, g1, J) onto a Riemannian manifold (Na,g2). Then, we have

(i) ¢%W1 = —(COS2 @1)W1,
(i) g1(¢W1, pWa) = cos® ©1g1 (W, Wa),
(iil) g1(wW,wWs) = sin? ©1g1 (W1, Wa),

for all Wy, Wy € T'(ker F ).

Lemma 2. Let F be a slant submersion from a Kdihler manifold (N1, ¢g1,J)
onto a Riemannian manifold (N2, g2). Then, we have

(21) VVy, 92 + Ty,wYs = BTy, Y2 + ¢VVy Yo,
(22) Ty dYa + HVy,wYs = CTy, Ya + wVVy, Ya,
(23) VW BW, + Ty, Wy = 6Ty, Wi + BHVy W1,
(24) Ty, BWi + HVy,CWi = wTy, Wi + CHVy, Wi,
(25) VVw, oY1 + Aw,wY1 = BAw, Y1 + ¢VVw, Y1,
(26) Aw, oY1 + HVw,wY1 = wVi, Y1 + CAw, Y1,
(27) V¥ BWa + Aw, CWa = BHV yw, Wa + ¢ Ay, Wa,
(28) Ay, BWa + HV vy, CWa = w Ay, Wa + CHV y, W,

for any Y1,Ys € T(ker F ) and Wy, Wy € T'(ker f ,)*.
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Proof. Using equations (13)-(16),(19) and (20), we get the lemma com-

pletely. O
Now, we define

(29) (Vy,0)Ys = VVy, Y — 9V Vy, Ya,

(30) (Vy,w)Ys = HVy,wYs — wVVy, Yo,

(31) (Vw, C)Wyo = HVy, CWy — CHV yy, Wo,

(32) (Vw, B)Wy = VWV, BWy — BHVyy, Wa,

for any Y1,Y; € T'(ker f ) and Wy, Wy € T'(ker [ ,)*.

Lemma 3. Let [ be a slant submersion from a Kdihler manifold (N1, g1, J)
onto a Riemannian manifold (N2, g2). Then, we have

(Vyi9)Ye = BTy, Y2 — Ty,wYa,

(Vyiw)Ys = CTy, Ya — Ty, ¢Ya,
(Vw, C)Wo = wAw, Wy — Ay, BW,
(Vw, B)Ws = ¢ Aw, Wa — A, CWa,

for any vectors Y1,Ys € T'(ker F ) and Wy, Wo € I'(ker ).

Proof. The proof of the above lemma is straightforward, so we omit its
proof. O

If the tensors ¢ and w are parallel with respect to the linear connection
V on Nj respectively, then

BTy, Y2 = Ty,wYo, CTy, Y2 = Ty, Y2
for any Y7,Ys € (T Ny).
Lemma 4. Let F be a slant submersion from a Kdhler manifold (N1, ¢g1,J)
onto a Riemannian manifold (N2, g2). If a: I C R — M s a regular curve
and Y1(t) and Ya(t) are the vertical and horizontal components of the tangent

vector field &« = E of a(t), respectively, then « is a geodesic if and only if
along a the following equations hold:

cos? OVV, Y| = Ty,wdY: + Ay,woY: + ¢Ty,wY + BHVy,wY;
+ BTy, BYs + ¢VVy,wY1 + ¢Ty, CYs + wTy, CYs
+ BHVy,CYs + ¢ Ay,wYi + BAy, BYs + ¢VVy, BY;
+ BHVy,CY2 + ¢ Ay, CYs,

cos? O(Ty, + Ay, ) Y1 = HVy,woY] + HVy,wdY: + wTy,wY: + OHVy,wY;
—+ C'E/IBYQ + wVVyzwyl -+ wTleYg + CHVchYQ
+ CHVy,wY1 + wAy,wY; + C Ay, BYs + wVVy, BY,
+ CHVy,CYs + wAy, CYa.
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Proof. Let a : I — Nj be a regular curve on Nj. Since Yj(t) and Ys(t)
are the vertical and horizontal parts of the tangent vector field «&(t), i.e.,
a(t) = Yi(t) + Ya(t). Using equations (4), (5), (13)-(16), (19), (20) and
Lemma 1, we get
Voo =—-J(V,Ja)
= —J(Vy,0Y1 + Vy,wY1 + Vy, Y1 + Vy,wY;
+ Vy, BY; + Vy, CY2 + Vy, BYs + Vy,CY5),
= —Vy¢°Y1 — Vy,wel: — Vy,0?V1 — Vy,weY:
— J(Tylwyl + HVy,wY1 + TYIBYQ + VVWywYr + Tyl CYy
+HVy,CYs + HVy,wY: + Ay,wY: + Ay, BY; + VVy, BY,
+ HVy,CYs + Ay, CY3)
= cos? OVV,.Y] + cos® O(Ty, + Ay,)Y1 — Ty,woY1 — HVy,woY;
— HVy,woY1 — Ay,wpY1 — ¢Ty,wY1 — wTy,wY) — BHVy,wY1
— CHVy,wY1 — BTy, BY; — CTy, BY; — ¢VVy,wY; — wVVy,wY;
— ¢Tv,CYs —wTy,CYy — BHVy,CYy — CHVy, CYs — HVy,wY)
— CHVy,wY] — Ay, wY1 — wAy,wY] — BAy,BY; — C Ay, BY
— ¢VVy, BYs — wVVy, BYs — BHVy,CYy — CHVy,CYo
— Ay, CYs — wAy,CYs.
Taking the vertical and horizontal components in above equation, we get
VYV, & = cos? OVV Y] — Ty,woY) — Ay,wdY: — ¢Ty,wY1
— BHVy,wY) — BTy, BYs — $VVy,wY] — ¢Ty,CYa
— wTy,CYy — BHVy,CY3 — ¢ Ay,wY1 — BAy,BY,
— ¢VVy,BYy — BHVy,CYs — ¢ Ay, CY5,

HV o= cos? O(Ty, + Ay,)Y1 — HVy,woY1 — HVy,wpY1 — wTy,wY:
— CHVy,wYi — CTy, BYs — wVVywY; — wTy; CYs
— CHVy,CYy — CHVy,wY: — wAy,wY) — C Ay, BY;
— WVVy, BY; — CHVy,CYs — wAy, OYa.

Now, « is a geodesic on N; if and only if VYV & = 0 and HV a = 0,
which is completes proof. O

Theorem 2. Let F be a slant submersion from a Kdhler manifold (N1, g1, J)
onto a Riemannian manifold (N2, g2). Then F is a Clairaut slant submersion
with r = e" if and only if

g (VV ., 0Y1 + (Ty, + Ay, )CYa + (Ty, + Ay, )wY1, BY2) + g1 (HV w1

dh

a =Y

+(Tyy + Ay,) BY2 + (Ay, + Ty )9Y1, CY2) + g1(Y1, Y1)
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where a1 I — Nj s a geodesic on N1 and Y1, Ys are vertical and horizontal
components of a(t).

Proof. Let a: I — Nj be a geodesic on Ny with Y;(t) = Va(t) and Ya(t) =
Ha(t) denote the angle in [0, F] between a(t) and Ya(t). Assuming v =
l|ce(t)]],2 then we get

(33) a1 (Y1(t),Y1(t)) = vsin?0(¢),
(34) g1(Ya(t), Ya(t)) = vcos? 0(t).

Now, differentiating (33), we get

d . do
@gl(Yl(t), Yi(t)) = 2vcos6(t) sin H(t)a,
v cos 0(t) sin 6’(75)2—2 =g (VV,Y1,Y1),
(35) v cos® © cos A(t) sin H(t)z—f = g1(cos* OVV Y1, V7).

On the other hand, using Lemma 4 and equation (35), we get

(36) v cos® O cos 0(t) sin O(t) %

= q1(Ty,woY1 + Ay,woY1 + ¢Ty,wY1 + BHVy,wY)
+ BTy, BY; + pVVy,wY1 + ¢Ty, CYa + wTy, CYs
+ BHVy,CYs + ¢ Ay,wY1 + BAy, BYz + ¢VVy, BY;
(37) + BHVy,CYa + Ay, CYa, Y1),

Moreover, f is a Clairaut slant submersion with r = e” if and only if

%(ehoo‘ sin@) = 0, i.e., e"°*(cos 0% + sin 9%) = 0. By multiplying this with

non-zero factor v cos? © sin 6, we have

(38) v cos® © cos fsin Hﬁ = —vcos® O sin® 9@.
dt dt

Thus, from equations (17), (36) and (38), we have

(39) — cos? O|Y1]|?g91(Vh, Ys)
= g1(TyywoY1 + Ay,woY1 + ¢Ty,wY1 + BHVy,wY1
+ BTy, BY; + pVVy,wY1 + ¢Ty, CYa + wTy, CYs
+ BHVy,CYs + dAy,0Vi + BAy, BYs + $VVy, BY,
+ BHVy,CYs + ¢ Ay, CYa, Y1),

which is completes the proof. O
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4. CURVATURE RELATIONS

In this section, we are going to obtain curvature relations of Clairaut slant
Riemannian submersions [7].

Let (N1,¢91) and (N2, g2) be two Riemannia manifolds with corresponding
curvature relation R and R*, respectively. Let 7 : (N1,g91) — (N2,g2) be
a Riemannian submersion and R the curvature tensor of fibers of f. If

X1, X9, X3, X, are horizontal and Z1, Zs, Z3, Z4 vertical vectors, then
(40) R(Z].v 227 Z37 Z4) - ﬁ(Zla ZZ, Z3a Z4) - 91(721 Z4a 7—22Z3)
+ 91(T2,24, T2, Z3),
(41) R(Zy,Z2,7Z3,X1) = 1((V 2, T)(Z2, Z3), X1)
— (V2 T)(Z1, Z3), X1),
(42) R(X1,X2,X3,21) = —g1(Vx,A) (X1, X2), Z1) — g1(Ax, X2, Tz, X3)
+ 91(Ax, X3, Tz, X1) + g1(Ax, X1, Tz, X2),
(43) R(X1, X2, X3, X4) = R* (X1, X2, X3, X4) + 291 (Ax, X2, Ax, X3)
— g1(Ax, X3, Ax, X4) + 1(Ax, X3, Ax, X4),
(44) R(X17X27 Z17 Z2) = —91((VZ1 )(XlaX2)722)
+91((V2,A) (X1, X2), Z1) — g1(Ax, Z1, Ax, Z2)
+ 91(Ax, Zo, Ax, Z1) + 91(Tz2, X1, Tz, X2)
— 91(T2,X1, T2, X2),
(45) R(X1,21,X2,22) = —1((Vx, T)(Z1, Z2), X2)
—91((V2, T)(X1,X2), Z2) + 91(T2, X1, T2, X2)
—91(Ax, Z1, Ax, Z>).

Lemma 5. Let [ be a slant submersion from a Kdihler manifold (N1, g1, J)
onto a Riemannian manifold (Na, g2). Then

R(V1,Va, V3, Vy)

= cos® O(R(Vi, Va, V3, Va) — g1(Tv, Vi, Tip Vi) + 91(Tv Va, Tv V3))
= 91(Vwen, T)(V1, V3),wpVa) — 1 (Vv A) (woVa, weVa), Vi)
+ 91(Tv,woVa, TyswodVi) — g1(Awevs Vi, Awsv, V3)
— 08 Og1((Vy, T)(Va, V3),wdVi) + cos® Og1((Vy, T)(Vi, V3), wpVi)
+ cos? 091 (VvaT)(Va, V1), wpVa) — cos® O ((Vv,T)(V3, V1), wpVa)
+ cos” 091((Vi, T)(V1, ¢V3), wVa) — cos® Og1 (Vvi T) (Va, $V3), wVi)
+ cos” O(—g1 (Vi A) (wVs, wVa), Va)
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+91((VV2 )(wV}),wV4) Vl)— (AwV3V1,TV2wV4)

+ 91(Awvs Vo, Tov, V1) + 91(Tviw Vs, TipwVy)

— g1(TvwVs, Tv,wVa)) + g1 (Vev, T)(9V3, V1), wéVa)

+ g1((Vovs A) (wVa, wpVa), Vi) — g1 (TovawVia, TvawéVa)

+ 91 (Auv, V3, Awpr, V1) — 9((Vwgry A) (wVs, wVa), Vi)

— 91(AuvswVi, Av,woVa) + g1 (Awv,wodVa, Ay, wVs)

+ 91 (Auwpvaw Vi, TiywVa) + cos” O(g1 (Vi T) (Va, ¢V1), wVa)

— g1 (Vi T)(V3, V1), wVa)) 4 cos® ©(—g((Vy, A) (wVi,wVa), Vi)

+ g1 (Vv A)(wV1,wV2), V3) — g1(Awv, Va, Awv, Vi)

+ 91(Auvi Vi, Ao, V3) 4 g1(Trsw Vi, Ty,wVa)

— 91(Tv,wVi, TvywVa)) + g1 (Ve T)(9V1, V3), wéVy)

+ g1((Ver A)(wV2, weVa), V3) — g1(Tov,wVa, TrswéVa)
(A dV1, Augvi Z) — g1((Vaey, A) (wVh, wVa), V3)

— g1 (A, wVa, TrawoVy) + g1 (AuvawdVy, TrawVh)

+ g1 (Awgv, Vi, TiswVa) — 1 (Vo T) (VA 6V3), wVi)

— 01 (Vg A)(wVa, wVa), 6V3) + g1 (TpvywVa, TovswVa)
(Awva V1, Aovy 9V3) + g((Vur, A) (wVs, wVa), ¢V1)
(Auvaw Vi, TovswVa
(A
(A

+ g1

— g1
+ a1 ) — 91(AwvywVa, Tov,wV3)

— 91(Awv,wV3, Ty wVa) + g((Var, A) (wVr, wVa), ¢V3)
+ g1(AwviwVa, Tgvw Vi) — g1 (Au,wVi, TovwVi)

— g1(AuvawVa, TyrawVa) + R* (WVi, wVa, wVs,wVy)

+ 291 (A, wVa, ApvswVs) — g(Auv,wVs, Auy,wVs)

+ g(AwVs, AuvwVy),

W
w

(A
(V
(A

R(Z1, 23,23, Z4)
= R(BZ1, BZy, BZ3, BZs) — g1(Tz, BZ4, Tz, BZ3)

+ g1(TBZQBZ4,TBZIBZ;3) + gl((VBZlT)(BZQ, BZ3), CZy)
—n((Vpz,T)(BZ1,BZ3),CZy) — g1((VBz, T)(BZ2, BZy),CZ3)
+91((VBz,T)(BZ1,BZ4),CZ3) — 1((Vpz, A)(CZs,CZy,), BZs)
+ 91((VBz,A)(CZ3,CZs), BZ1) + g1(Acz, BZ1, Acz,BZ>)

— 91(Acz;BZ2, Acz,BZ1) + 91(Tp2,CZ3, T 2,C Z4)

— 91(TB2.CZ3, T2, CZ4s) + 1((VBz, T)(BZ4, BZy),CZ5)
((Vpz,T)(BZs,BZ1),CZ3) — 1(Vez,T)(BZ1,BZ3),CZ,)
((szl )(CZQ,CZ4) BZ?,) +g1(7'lec’Z2,TBZBC’Z4)

— 91
— 91
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—q1(Acz,BZ1,Acz,BZ3) + 91((Vez,T)(BZ1,BZy4),CZs)

+ 91((VBz, A)(CZ2,CZ3), BZs) — 91(TB2,C Z2, Tp2,C Z3)

—q1(Acz,BZ1,AczsBZs) + g1((V ez, A)(CZs,CZy), BZy)

+ 91(Acz,CZy, Tz, CZ2) — g1(Acz,CZ2, Tpz,CZ3)

— 1(Acz,CZ3,Tpz,CZs) — g1((VB2,T)(BZy, BZ5),CZ1)

+91((VBz,T)(BZ3,BZ3),CZy) + 1((Vez, T)(BZ2, BZ3),CZy)

+91(VBz,A)(CZ,CZy),BZs) — g1(Tpz,CZ1, Tz:CZy)

+ g1(Acz,BZ2, Acz,BZ3) + 9g1((VNeoz, T)(BZay, BZ3),CZy)

+ 91((VB2z, A)(CZ1,CZ4), BZ3) — 91(TB2,C Z1, TB2,C Z4)
(
(
(
(
(
(
(
(
(

—~ o~

+ g1(Acz,BZ2, Acz,BZ3) — g1((Veoz, A)(CZs,CZy), BZs)
— 91(Acz,CZ4, Te2,CZ1) + 91(Acz,CZ1, Tpz,CZ3)

+ g1 Aczchg,TBZQCZQ gl((VBZBA)(CZ1,022),BZ4)
+ 91((VBz, A)(CZ1,CZy), BZ3) — g1(Acz,BZ3, Acz,BZy)
+ g1(Acz, BZ4, Acz,BZ3) + 91(T2,CZ1, Te2,CZ2)

— 91(TB2,CZ1,Tez3CZ2) + 91((Vc2,A)(CZ1,CZ3), BZ3)
+ 91(Acz,CZ2, Tp2,CZs) — 91(Acz,CZ4, Tpz,C Z1)

+ 01 ACZ4021,T323022) —91((VC’Z3 )(CZl,CZQ) BZ4)
— 91(Acz,CZ3, Tpz,CZ3) + 91(Acz,CZ3, Tp2,CZ1)

+ q1(Acz,CZ2, Tpz,CZs) + R*(CZy,CZy,CZ3,CZy)
+291(Acz,CZ2, Acz,CZs) — 1(Acz,CZ3, Acz,CZy)

+ 91(Acz,CZ3, Acz,CZy),

R(Zy, V1, Z5,Va)

= cos' O(—g1((V, T)(V1,Va), Z2) — 1 (Vi A) (21, Z2), Va)
+91(Twv Z1, Ty, Z2) — 91(Az, V1, Az, V2))

— cos? O(—1((Vz, A)(Za,wpVa), V1) — g1 (Az,wdpVa, Ty, Z1)
+ g1(Awprs 21, Tvy Z2) + 91(Az, Z2, Tv,woVa))

+ R*(Z1,wpVi, Zo, wpVa) + 2g1(Az,wdV1, AswpVa)

— 91(Awpvy Z2, Az, wdVa) + g( Az, Za, Augyv,woVa)

— c08”(—g1(V 2,4) (Z1,wpV1), Va) — g1(Az,weVi, Ty, Z2)

+ g1(Awers Z2, Tvy Z1) + 91(Az, Z1, Ty,woVi))

— cos” O(=g1 (Vs T)(BZ2, V1), Z1) — 1((VB2,A) (WV2, Z1), V1)
+ 91(TB2,wV2, Ty Z1) — 91(Awvy BZ2, Az, V1))

+ c0s? O(—g1((V 2, A)(CZ2,wV2), V1) — g1 (T z,wVa, Tvs Z1)
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+ g1(va2Z1, TVICZQ) -+ gl(.AZchQ, TVIUJVQ>

— 1(Vor, A) (Z1,wpV1), BZs) — g1(Az,wdpVi, Tpz,wVa)

+ 91(AwgviwVa, TBz, Z1) + g1(Awvs Z1, Tez,w V1)

— R (CZsy,wVa, Z1,wpV1) — 2g1(Ac z,wVa, Az,wdpVi)

— 91(Aun 21, Ac 2,wdV1) + g1(Acz, Z1, A, wd Vi)

—cos? O(=g1 (Vv T)(BZ1,V2), Z2) = 1((V, A)(WVi, Z2), BZ1)
+ 91(Th, Z2, Tpz,wV1) — g1(Auvi Z2, Apz, V2))
+c0s?O(—g1((V 2, A)(CZy,wV1), Vo) — g1(Acz,wVi, Ty, Zo)
+ 91(Auvy Z2, Tv, CZ1) + g1( Az, CZy, Ty,wVh))

— g1(Vovy A)(Za,wopVa), BZ1) — g1(Az,wdVa, Tpz,wVh)

+ 91(AwprowVi, Tpz, Z2) + g1(Awvi Z2, Tez,wo Vo)

— R*(CZy,wVi, Zy,wopVa) + 2g1 (Acz,wVi, Az,wdpVa)

— 91(Aww, Z2, Ac2,wdV2) + g1(Acz, Z2, Awy,woVa)

— 1 (Vov, T)(BZ1,BZ3),wV1) — g1((VBz, A)(wV1,wVs), BZ3)
+ 91(Tz,wVi, Tpz,wVa) — g1(Awv; BZ1, Ay, BZ9)

+ 91 (Vo TI(CZy,wVa), BZy) + g1(Acz,wVa, Tpz,wV1)

— 91( A, wVi, Tpz,CZ2) — g1(Awvi CZ2, Tpz,wV2)

+ g1 (Von, TI(CZa,wV1), BZ2) + g1(Acz,wV1, Tz,wV2)

— g1( A, wVa, Tp2,CZ1) — 91(Auv, CZ1, Tez,w V1)

+ R (CZ1,wV1,CZ2,wV1) + 2g1(Acz,wVi, Toz,wVa)

— g1(Awv; CZs, Ao z,wVa) + g1(Acz, CZa, Auy,wVa).

for Zy,Zy € T'(ker F )+ and Vi, Va € T'(ker F ).

~ I~~~ /N —~

Proof. Using equations (6)-(10), (40)-(45) and Lemma 1, we can easily get
Lemma 5. U
5. EXAMPLE

Example 1. Let N; be an Euclidean space given by
Ny = {(1)1,:112,1’37%‘4) € R*: (21,22, x3.24) # (0,0,0,0)}.
We define the Riemannian metric g; on Nj given by
g1 = e*4da? + ¥ dal + ™ drh + daf
and the complex structure on J and Nj defined as
J(x1, 2,23, 24) = (—22, 1, —T4,X3).

Let Ny = {(v1,v2,v3) € R?} be a Riemannian manifold with Riemannian
metric g2 on Ny given by go = e?*1dv} + dv3.
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Define a map £ : R* — R? by [ (z1, 72, 23,24) = (523, 24). Then we

V2
have
(ker F*) = <X1 = (61 + 63),X2 = €2>,
and
(ker F*)l = (V1 = (e1 —e3), Vo =ey),
where
{el = e_“ail, ey = 6_“822, e3 = 6_“823, e4 = 88:1:4}’

are bases on Ty N1 and T} (4 N2 respectively, for all p € Ny. By direct com-
putations, we can see that

Fa(Vi) = V2e™™el, (V) = €5
and
91(Vi, Vi) = g2(F Vi, F V),
for all V;, V; € T'(ker F )+, i = 1, 2. Therefore f is a slant submersioon with
slant angle © = 7.

Now, we will find smooth function h on Ny satisfying Tx X = ¢1(X, X))V f,
for all X € I'(ker F ). Since covariant derivative for vector fields F = Eia%l-’
F = Fja%j on NV; is defined as

0 OF; 0

46 VeF = E;F;V o — + E;
(46) E 2033]+ 61‘16.7}]

where the covariant derivative of basis vector fields % and % is defined
J 7
by

0 0
47 Vo —=Tk_"
( ) 6(27; 8.’Ej Y 8xk ’
and Christoffel symbols are defined by
1 0911 | Oqia  0g1ij
48 Iy = g% (=2 - =4,
(48) W= 99 ox; + ox; oxy,
Now, we get
e 0 0 e~ 0 0
0 e 0 0 i 0 e 0 0
(49) 91ij = 0 0 e2ra | gij = 0 0 e—2x1 ()
0 0 0 1 0 0 0 1
By using (48) and (49), we get
(50) Fil =0, F%l =0, F:fl =0, 1—‘11 = - —2:547

1—%2 = 0, 1—‘%2 = O, F%Q = 0, 1—‘22 = —6_2x4,
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[l =0, T33=0, T3=0, Ti=—e ",
[y =Ty =T, =T{, =0,
I‘21 = Fgl = 1121 = P%1 =0,
[y =T} =T =T{; =0,
Py =T% =T% =T3 =0,
F23 = F23 = 1ﬂ23 = F%?; =0,
1132:F 1ﬂ32— %2:(1
Using equations (47) and (50), we obtain
d

(51) Velel = V€262 = V€363 = 7871'4’

Veleg = Veleg = Vezel = V62€3 = 0,
vegel = ve3€2 = 07

Therefore
9
Oxy

(52) leXl = v61+e3€1 +e3=-2 VX2X2 = V6262 = —

8174 ’
Now, we have

TxX =T\ x, 420X, M X1 + X2X2, A1, A2 € R,

(53) TxX = NTx, X1 + N3Tx, Xo + 220 Mo Tx, Xo.
Using (52), we obtain
(54) Tx, X1 = —2i,TX2X2 = —i,TXIXQ =0.
0x4 0x4
Next, using (53) and (54), we get
(55) TxX = —(2\3 + )\3)524.

Since X = A\ X1 + A X5, so
g1(M X1+ XX, A Xy + A Xo) = 207 + 5.

For any smooth function h on R?*, the gradient of h with respect to the
metric g; is given by
4

of 0
_ ij
Vh= Z 9 ox; 8$
1,j=1
Hence
Vh:e*2x4a 0 924 Ooh 0O 92, oh 0 oh 0O

8x1 8&?1 € 8:]02 8x2 ¢ 8.583 8:E3 T 8x4 8954
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Hence Vh = % for the function A = xz4. Then it is easy to see that

TxX = —g1(X, X)Vh, thus by Theorem 1, is a Clairaut slant Riemannian
submersion.
Example 2. Let N7 be an Euclidean space given by
Ny = {(331,.%'2,1’37.%'4) € R*: (21,22, x3,24) # (0,0,0,0)}.
We define the Riemannian metric g; on Nj given by
g1 = €2 da? + e**1dx3 + 62”34dm§ + da?
and the complex structure on .J and N7 defined as
J(x1,29,23,24) = (—x2, 21, —T4,T3).

Let Ny = {(v1,v2,v3) € R*} be a Riemannian manifold with Riemannian
metric g2 on Ny given by go = e?*4du? + du3.

Define a map f : R* — R? by F (21, 22,3, 24) = (’”2%‘/3‘”3@4). Then we
have

(ker F.) = (Vi = e1, Va = V3ea + e3),

and
(ker F*)J‘ = <H1 = e9 — \/geg,HQ = €4>,
where
0 0 0 0
fd —T4_— f —T4_— f —T4_— = —
{61 € 81‘1 ’ 2 © 81‘2 ’ “s © 61‘3 ’ c a$4 }’

0 0
el = —, es= —}
{ 1 8u1 2 8UQ
are bases on Ty N1 and T} (4) N2 respectively, for all p € N;. By direct com-
putations, we can see that

oty =260

*H = 35
871,1’F( 2)

811,1
and
91(H;, Hy) = go(F «Hy, F < Hy),
for all H;, H; € T'(ker F,)*, i = 1,2. Therefore F is a slant submersion with
slant angle © = Z.
Now, we will find smooth function R* on satisfying Ty/V = ¢1(V,V)Vh
for all V e I'(ker [ ).

Using the given complex structure, we find

le1, e1] = [e2, ea] = [e3, €3] = [e4, 4] = 0,
(56) le1,e2] =0, [e1,e3] =0, [e1, e4] = €1,
[e2, €3] = 0, [e2, e4] = €2, [e3, e4] = e3.
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The Levi-Civita connection V of the metric ¢y is given by the Koszul’s
formula, which is
(57) 201(VxZ,V)=Xqg(Z,V)+ Zg1(V,X) = Vg1 (X, Z)

- (X, 2],V) =12, V], X) + 91([V, X], Z).
Using (56) and (57), we have
Ve e1 = —e4, Ve ea =0, Vges=0, Veger =0, Vger = —ey,

(58) Ve,e3 =0, Veer =0, Vegea=0, Vges=—eq4.

Therefore
(50) Vi, Vi =Veer = —es, Vi Vo=V, V3es+e3=0

Vi1 =V 500,61 =0, Vg .. V3es+e3 =—dey.

Now, we have

TVV = v>\1V1+)\2V2)\1‘/1 + )\2‘/2, )‘1)\2 € R.

(60) TvV = MNTu Vi + AT Va + Ade T Va + M Ti, Vi
Using (59), we obtain
(61) TvVi=—es, T,Vo =0, T, V1 =0, Ty,Va = —dey.
Using (60) and (61), we get
0
(62) TV = — (A2+-4A2)a
T4

Since V = A\ V1 + A2 V5, so
gL (MVE 4 A Vo, MiVA + AoVa) = AT + 4)3.
For any smooth function h on R* the gradient of h with respect to the metric
g1 is given by
oh 0 o221 O oh 0 o221 O oh 0 L on oh 0
al‘l a$1 8$2 (91‘2 a$3 8$3 8I4 8334
Hence Vh = a for the function h = x4. Then it is easy to see that

TvV =g (V, V)Vh thus by Theorem 1, it is a Clairaut slant Riemannian
submersion.

Vh = e "

6. CONCLUSION

We introduce Clairaut slant submersions from Almost Hermitian man-
ifolds onto Riemannian manifolds in the present paper. We discuss the
geomtrical properties of Clairaut slant submersions from Ké&hler manifolds
onto Riemannian manifolds. With the help of Theorem 1, we prove that
is a Clairaut slant Riemannian submersion in Euclidean space with almost
complex structure. Finally, the submersion with almost contact structure in
Euclidean space is investigated.
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